The purpose of this paper is to propose a modified and simple algorithm for fractional modelling arising in unidirectional propagation of long wave in dispersive media by using the fractional homotopy analysis transform method (FHATM). This modified method is an innovative adjustment in the Laplace transform algorithm (LTA) and makes the calculation much simpler. The proposed technique solves the nonlinear problems without using Adomian polynomials and He's polynomials which can be considered as a clear advantage of this new algorithm over decomposition and the homotopy perturbation transform method. This modified method yields an analytical and approximate solution in terms of a rapidly convergent series with easily computable terms. The numerical solutions obtained by the proposed algorithm indicate that the approach is easy to implement and computationally very attractive. Comparing our solution with the existing ones, we note an excellent agreement.
Introduction
The theory of derivatives and integrals of non-integer order goes back to Leibniz, Liouville, Grunewald, Letnikov and Riemann. Many important phenomena are well described by fractional differential equations in electromagnetics, acoustics, viscoelasticity, electro chemistry and material science. Fractional derivatives provide an excellent instrument for the description of memory and hereditary properties of various materials and processes. Fractional derivatives provide an excellent instrument for the description of memory and hereditary properties of various materials and processes. Half-order derivatives and integrals proved to be more useful for the formulation of certain electrochemical problems than the classical models [5] [6] [7] [26] [27] [28] .
In this paper, the homotopy analysis transform method (HATM) illustrates how the Laplace transform can be used to find approximate and analytical solutions of the fractional order Burgers-Poisson equation by manipulating the homotopy analysis method. The proposed method couples the homotopy analysis method and the Laplace transform method. The main advantage of the proposed method is its capability of obtaining a rapid convergent series for the Berger's Poisson equation of fractional order. The homotopy analysis method (HAM) was first proposed and applied by Liao [21] [22] [23] [24] to nonlinear differential equations. The HAM is based on the construction of a homotopy which continuously deforms an initial guess approximation to the exact solution of the given problem. An auxiliary linear operator is chosen to construct the homotopy and an auxiliary parameter is used to control the region of convergence of the solution series. The HAM provides greater flexibility in choosing initial approximations and auxiliary linear operators, and hence a complicated nonlinear problem can be transformed into an infinite number of simpler but linear subproblems, as shown by Liao and Tan [25] . The HAM has been successfully applied by many researchers for solving linear and nonlinear partial differential equations [1-3, 9, 13, 29-31, 34, 37] .
In recent years, many researchers have paid attention to obtain solutions to linear and nonlinear differential, and integral equations by various methods by combining the Laplace transform method. Among these, let us mention the Laplace decomposition methods [12, 35] and the homotopy perturbation transform method [14-18, 20, 32, 33] . Recently, many researchers [4, 10, 11, 19] have obtained the solutions of the many differential and integral equations by coupling homotopy analysis and the Laplace transform method.
This paper is committed to the study of time fractional Burgers-Poisson (BP) equation by using the fractional homotopy analysis transform method. Using the appropriate initial condition, the approximate analytical solutions for different fractional Brownian motions and also for standard motion are obtained. The variation on the approximate solutions is depicted through graphically and error analysis shows the accuracy of the approximate analytical solutions. The Burgers-Poisson (BP) equation can be written in time fractional operator form as D α t u − u xxt + u x = uu xxx − uu x + u x u xx , t > , < α ≤ , with initial condition u (x, t) = x and α ∈ ( , ] a parameter describing the order of the time fractional derivative. We remark that the exact solution u(x, t) = +x +t − for |t| < is given in [8, 36] .
Basic idea of FHATM
To illustrate the basic idea of the fractional homotopy analysis transform method (FHATM) for the fractional partial differential equation, we consider the following fractional partial differential equation:
where
is the general nonlinear operator in x, and g(x, t) are continuous functions. For simplicity, we ignore all initial and boundary conditions, which can be treated in a similar way. The methodology consists of applying the Laplace transform first on both sides of (1):
Now, by using the differentiation property of the Laplace transform for fractional derivative, we have
We define the nonlinear operator
is an embedding parameter and ϕ(x, t; q) is the real function of x, t and q. By means of generalizing the traditional homotopy methods, Liao [21] [22] [23] [24] constructed the zero order deformation equation
where ℎ is a nonzero auxiliary parameter, H(x, t) ̸ = is an auxiliary function, u (x, t) is an initial guess of u(x, t), and ϕ(x, t; q) is an unknown function. It is important that one has great freedom to choose auxiliary parameters in FHATM. Obviously, ϕ(x, t; ) = u (x, t) for q = and ϕ(x, t; ) = u(x, t) for q = . Thus, as q increases from to , the solution varies from the initial guess u (x, t) to the solution u(x, t). Expanding ϕ(x, t; q) in Taylor's series with respect to q, we have
The convergence of series solution (3) is controlled by ℎ. If the auxiliary linear operator, the initial guess, the auxiliary parameter ℎ, and the auxiliary function are properly chosen, then series (3) converges at q = and we have
which must be one of the solutions of the original nonlinear equations. The above expression provides us with a relationship between the initial guess u (x, t) and the exact solution u(x, t) by means of the terms u m (x, t) (m = , , , . . .), which are still to be determined. Defines the vectors
Differentiating m times the zero order deformation equation (2) with respect to embedding parameter q, then setting q = , and finally dividing them by m, we obtain the mth order deformation equation
Applying the inverse Laplace transform on both sides, we get
In this way, it is easy to obtain u m (x, t) for m ≥ . At Mth order, we have
When M → ∞, we get an accurate approximation of the original equation (1) . The solution of problem (1) is obtained by putting the terms u m (x, t) in equation (4) and choosing a suitable value of ℎ for the convergence of the series.
3 Convergence study of the problem by FHATM Example 3.1. We first consider the following fractional-order Burgers-Poisson equation [4, 11] as
with initial condition u(x, ) = x. Applying the Laplace transform on both sides of (5) and using the differentiation property of the Laplace transform for the fractional derivative, we get
Simplifying yields
We choose the linear operator as
with property L[c] = , where c is constant. We now define a nonlinear operator as
Using the above definition, with assumption H(x, t) = , we construct the th order deformation equation
Obviously, we ϕ(x, t; ) = u (x, t) for q = and ϕ(x, t; ) = u(x, t) for q = . Thus, we obtain the mth order deformation equation
Applying the inverse Laplace transform on both sides of (7), we get
where, for m ≥ ,
Now, the solution of the mth order deformation equation (7) is
Starting with initial condition u (x, t) = u(x, ) = x and the above iterative scheme, we obtain the various iterates
Continuing in this manner, the other components u m (x, t) (m ≥ ) can be completely obtained and the series solutions are thus entirely determined. Finally, we have
If ℎ = − and α = , then the obtained solution is similar to those given by the homotopy analysis method [23] . However, mostly, the results given by the Adomian decomposition method and the homotopy perturbation transform method converge to the corresponding numerical solutions in a rather small region. But, different from those two methods, the homotopy analysis transform method provides us with a simple way to adjust and control the convergence region of solution series by choosing a proper value for the auxiliary parameter ℎ. Figures 1 and 2 show the graphical comparison between the exact solution and the approximate solution obtained by the new fractional homotopy analysis transform method. One can see that the solution obtained by the proposed method is nearly identical to the known exact solution.
Example 3.2. We consider a time fractional problem with no dispersion and no diffusion as
with initial condition
Applying the Laplace transform on both sides of (9) and using the differentiation property of the Laplace transform for the fractional derivative, we get
Obviously, ϕ(x, t; ) = u (x, t) for q = and ϕ(x, t; ) = u(x, t) for q = . Thus, we obtain the mth order deformation equation
Applying the inverse Laplace transform on both sides of (11), we get
where Now, the solution of the mth order deformation equation (11) is
Using the initial approximation (10) and the iterative scheme (12), we obtain the various iterates:
Proceeding in this manner, the other components u m (x, t) (m ≥ ) can be completely obtained, and the series solutions are thus entirely determined. Finally, the solution of (9) is given as
Numerical results and discussions
The simplicity and accuracy of the fractional homotopy analysis transform method is illustrated by computing the absolute error E (u) = |u(x, t) − u (x, t)|, where u(x, t) is the exact solution andũ (x, t) is the approximate solution of (5) obtained by truncating the respective solution series (8) up to level m = . Figure 3 depicts the absolute error showing that our approximate solutionũ (x, t) converges to the exact solution very rapidly. It is seen that our approximate solutions obtained by the fractional homotopy analysis transform method converges very rapidly to the exact solutions at only th order approximations, i.e., the approximate solution is very near to the exact solution. This new method achieves a high level of accuracy in approximate solution. The accuracy in the approximate solution obtained by the proposed method can be improved by introducing more terms of the approximate solutions.
As pointed out by Liao [23] , the convergence and rate of approximation for the HAM solution strongly depends on the value of auxiliary parameter ℎ. Even if the initial approximation u (x, t), the auxiliary linear operator L, and the auxiliary function H(x, t) are given, we still have great freedom to choose the value of the auxiliary parameter ℎ. So, the auxiliary parameter ℎ provides us with an additional way to conveniently adjust and control the convergence region and rate of solution series. By means of the so-called ℎ curves it is easy to find out the so-called valid regions of ℎ to gain a convergent solution series. When the valid region of ℎ is a horizontal line segment, then the solution is converge. Figure 4 shows the ℎ curve obtained from the th-order HATM approximation solution of fractional-order Burgers-Poisson equation (6) at x = . . In our study, it is obvious from Figure 4 that the acceptable range of auxiliary parameter ℎ is − . ≤ ℎ < . We still have freedom to choose the auxiliary parameter according to the ℎ curve. Figure 4 shows that the valid regions of convergence correspond to the line segments nearly parallel to the horizontal axis. It is seen from Figure 5 that the approximate analytical solution obtained by the proposed method decreases very rapidly with the increases in t. Table 1 shows that the approximate solution obtained by the new proposed method at different grid points is close to the values of the exact solution with high accuracy at the level of number of approximations m = . It can also be noted that the accuracy in the approximate solution increases as the value of n increases. Our results show that the approximate solution is efficient and accurate. Figure 6 shows the behavior of the approximate solutions for different values of α, namely . , . , . , and standard motion, i.e., α = . It is also seen from Figure 1 that our approximate analytical solution increases very rapidly with increase in time t at the value ℎ = − , a = . and b = . . In this example, we also define residual error term R m = |u m (x, t) − u m− (x, t)|, which is an indicator of the convergence of the solution series to be exact solution provided R m continuously decreases as m increases (Figures 7 and 8 ). This is mainly used when the exact solution is not known. This analysis shows that HATM suits for highly nonlinear differential equation. Figures 7 and 8 show the residual errors R = |u − u | and R = |u − u | which shows that our approximate analytical solution converges to the exact solution.
Concluding remarks
This paper develops an effective and new coupling of the homotopy analysis method and the Laplace transform method for fractional-order Burgers-Poisson equation. We have discussed the methodology for the construction of these schemes and studied their performance on test problem. An excellent agreement is achieved. The solution is very rapidly convergent by utilizing the homotopy analysis transform method by modification of the Laplace operator. It may be concluded that the FHATM is very powerful and efficient in finding approximate solutions as well as analytical solutions of many fractional physical models arising in science and engineering.
